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Chapter G Notes. The Ideal Gas Law and Thermodynamics

G1. Review: The Ideal Gas Law. The following apply to the ideal gas.

.

\7 and P1V1 = P2V2 as constant temperature.

When temperature is used with the equations in this section,
the Kelvin scale is used, i.e., T = Celsius Temperature — 273.

Robert Boyle (1627-1691)

Charles's Law. Volume of a gas is proportional to temperature at constant pressure.

Vl - V2

V ~T and ? - T_ as constant pressure
1 2

and we use the absolute Kelvin temperature scale. Consider
this as a definition for the absolute temperature scale: as
you cool the gas down at constant pressure, the volume
shrinks to zero as temperature goes to zero.

Jacques Charles (1746-1823)

P P

1 __"2
P~T and T o T at constant volume.
1 2

Think of this as an alternative definition for temperature on
the absolute scale. As you lower the pressure at constant
volume, the temperature lowers, both heading towards zero.

Joseph Gay-Lussac (1778-1850)
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We can incorporate all these laws in the form:

I:?Lvl — I:)2 V2
Tl T2

The chemists write the ideal gas law as

Temperature
Pressure

PV=nRT
T

Volume Ideal Gas
Constant
The physicists often like to write
Temperature
Pressure Number of

;o
PV=NkT
T 1

Volume Boltzmann
Constant

The definition of the mole is

- 23
n= N, where NA =6.022x10 is called Avogadro's number.
A

since PV =NRT = NKT =nN_,KT | the physicist's constant is related to the
chemist's constant as
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G2. "Derivation" of the Ideal Gas Law

The ideal gas law is an excellent example of a combination of experimental results. We
will attempt to "derive” this law since our course is called "Theoretical Physics."

Sir Isaac Newton (1642-1727)

Let's see what we can derive from Newton's Second
Law

F=ma.

Bur first, let's summarize what have we accomplished so
far in our theoretical analysis of fundamental laws.

We started with the following: Newton's Second Law, Newton's Universal Law of
Gravitation, Coulomb's Law, and Special Relativity.

GMm k

— F
F=ma G . .

We used the first, third, and fourth to derive the Maxwell equations. From the Maxwell
eguations we derived the existence of electromagnetic waves, i.e., we obtained optics.

K :
F=ma Fe= qu "x=ct"| =>E&M and Optics

r

Now we will attempt to arrive at thermodynamics from Newton's Second Law.

F=ma|] => Thermodynamics
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We will consider a box containing a gas. Below is the basic idea of a discrete
distribution of velocities and a continuous one.

Discrete Continuous
Ni/N f(v)
‘ NN y
dv
Probability traveling at vj is Ni/N Probability traveling between

v and v+dv is f(v) dv

The total probability must be 1 in each case, i.e., the probability that a given gas patrticle
has some velocity is 1. Therefore, for the discrete case,

ZWI = 1, which is consistent with N = Z N i

For the continuous case, the total area under the curve must be 1.
j f(v)dv=1

Classically, one integrates from zero to infinity. We are justified in doing this even
knowing relativity since our particles no way approach the speed of light. Therefore, our
function f(v) will drop to zero before we even get close to the speed of light and it is
easier to integrate to infinity when you are dealing with exponential-type functions. We
will not get into such details here anyway and at times leave the integration limits off. It
is understood that you integrate over all velocities.

We will consider a continuous distribution of velocities for our gas particles. The neat

thing about our analysis is that we will never need to worry about the exact form of the
function f(v). Watch!

Consider a box with N particles and volume V . The pressure is defined as force per
unit area and the force is the change in momentum with respect to time:
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A slanted region is shown below where some particles are heading towards the area
shown on the floor. From the geometry at the lower right we will determine the
probability for a particle to be traveling along the slanted region at velocity v.

The volume element below is AACOS @ dl . we need another piece. The change in

momentum when a particle coming in along the slant with velocity V bounces off the
bottom floor. The change in momentum is 2MV COS & .

The following is from Derek L. Livesey, Atomic and Nuclear Physics (Waltham, MA,
Blaisdell Publishing, 1966). Let the probability distribution for the angle 0 be 9(19)

area AA
_[:lzg(é')dezl 9(0)d6 = 27zr5|2r62?rd928 nodo
dP = [AAcos edl]F F(v) dv}[sin ede][zm"cow} L
v 2 dt | AA

N dl || 1 .
dP = V{cos Ha}[a f (V) dv} [sin@d&][2mvcosd]
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> Nm

y {%}[vf (v)av]| cos’ Osin 9do |

dP = %[vz f(v)dv || cos® #sin 0o |

B Nm © 7l2 2 .
P_T-[o v f(v)dvj0 cos” #sinfda

Nm—| cos®é "
P:—V2 |:_ :|

Vv 3 |
=) :MF{_O_(_})}
Y, 3
P:gm\F% v =Ny

We can define temperature by the total kinetic energy of the gas particles. This total
energy is equal to the average kinetic energy the particles times the number of particles,

2
KE = NV
2 .

— 1 — 3
Since we want the assignment PV = ? mv* = NKT , we find E mv* = E KT .

In summary, we have (with our definition of temperature)

1 —- 3
PV =nRT and PV = NkT with Emv — EkT .
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G3. The First Law of Thermodynamics and Specific Heats

We will phrase the first law of thermodynamics in terms of our ideal gas. The first law of
thermodynamics is the law of conservation of energy: The change in energy of a system
is equal to the heat that flows into the gas minus the work that is done by the gas.

AU =AQ—AW

Expanding Gas Does Work

W = Fd = PAd = PAV F

—
Pl o O C (\
Al i [T
. WAVLAVIRY,
v1

Vi vz

PRNTEN le—d—»|

We can therefore also write the first law as

AU = AQ— AW

Here is an application using the definition of the specific heat at constant volume.

_14AQ

T NnAT

\

U=NImZ=3NkT =3 nRT

2 2 2
_1AQ) _1AQ _13nRAT _3,
" NAT|, nAT n2 AT 2
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Here is an application using the definition of the specific heat at constant pressure.

14Q

c
" nAT|,

AQ =AU + PAV :gnRAT + PAV =nc, AT + PAV

Since we want constant pressure, it is better to have a AP in the above. We note

PV =nRT and A(PV)=nRAT =PAV +VAP
Then PAV = nRAT —VAP and

AQ =nc, AT + nRAT —-VAP =n(c, + R)AT -VAP

1AQF _

C. =
" nAT|,

Cv+R since AP =0

Summary

1
PV=nRT ana PV =NKT win MV = KT

U=NImvZ=3nkT = 3Rt
2 2 2

AU =AQ—PAV  and AQ=AU +PAV

_1AQ

1 AQ
= CP —
n AT

, n AT

,and Cp =G, +R
P

3R SR

For an ideal gas we have v = 7 and Cp = 7 .
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G4. Four Thermodynamic Processes

1. Isometric, Isochoric (constant volume): AV =0

wszdvzo

2. Isobaric (constant pressure): AP =0
W=["Pdv=P["dV=PV,-V,)
v, v, 2 1

3. Isothermal (constant temperature): AT =0,

W = \:/ZPdV: 2 ORT 4y —nRT [ Lav

vi 'V iV

W =nRT InV

zz =nRT In\é
1 V1

4. Adiabatic (no heat flow): AQ =0 .Note that we can't say constant heat since heat is

not a "regular” variable like P, V, and T. Heat exchange, like work, depends on a path
we take in the PV plane. Heat and work are not intrinsic properties of the gas. But
energy is. From the earlier section, write

3

AQ =nc, AT + nRAT -V AP =n(c, + R)AT -V AP
These equations are
AQ =nc, AT +PAV  ang AQ =nC, AT VAP
For AQ =0 we can write

nc, AT =—PAV  4nq NC,AT =V AP
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nc,AT VAP c V dP

e P =
nc, AT  PAV ®adsto ¢ pdy-

_Cp V dP

We define 7_§.Then, y:_Ed—V
a__dv
p 7V

IPZ%dP =—7I\ZZ \% dVv

R

In P|Ef = —7/Inv|z12

Iniz—yln\é
R )

-7
In L] =In {—2}
R Vi

R_[w]" R_[ul
RV ™R LV

RV, =PR,V,” ie. PV’ =const

PG1 (Practice Problem). Show that the work done by a gas in an adiabatic expansion
from volume V1 to V2 is

W = const v, | _RV,-RY;
1-y 1-y
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G5. An Engine. An engine with PV =nRT , has the following cycle.

P Fill in the table; find the efficiency.
A PVy=nRT,
ore 0 Calculate AW =PAV first (far
2p c d right column). It is the area under
oy the graph for each phase. Note the
-4 no change in volume for b to ¢ and
= d to a. Then do energy (1%t column).
o= :
b @ Temperatures: T, =T, (given) and
; » Ta = TC = 2T0 , Td = 4To from
0 Vo 2V PV =nRT .
AU :EnRAT AQ =AU + PAV AW = PAV
2
atob —gnRTO —gnRTO ~FoVo =—NRT,
3 3 0
btoc EI’IRTO EnRTO
ctod %nRZTO — 3nRT, 5nRT, 2PV, =nR2T,
dtoa —g NR2T, = —3nRT, —3nRT, 0
W
Efficiency: 77 = Q_ where W is the net work performed and Qin is the input heat. The

net work done is the area inside the box: W = PV, =nRT,, which you can also arrive
at by summing all the AW values in the last column in our table. The Q,, is equal to
the sum of the two positive AQ values in the middle column. Therefore,

3 13
W =RV, =nRT, and AQ =~ nRT, +5nRT, ==~ nRT,.
W NRT 2

0

The efficiency is 77 = Q. = (13/2)nRT, = 13"
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