Physics | with Calculus, Prof. Ruiz (Doc), UNC-Asheville (1978-2021), DoctorPhys on YouTube
Chapter N. Angular Momentum. Prerequisite: Calculus I. Corequisite: Calculus II.

NO. Conservation of Angular Momentum. Below we list translational and rotational formulas.
We have seen most of these formulas in earlier chapters.

Translational Physical Quantities

Rotational Physical Quantities

Quantity Sym- Definition Units Quantity Sym- Definition Units
bol bol
Position Measure from Angle Measure
X a reference. m 0 from rad
a reference.
Velocity dx . AX m Angular do . A@| rad
—=lim— — . —=lim—| —
v dt 0 At S Velocity 1) dt 0 At S
Acceleration dv ,. Av m Angular do . Aw| rad
—=Ilim— — . —=Ilim —
a dt 0 At 2 Acceleration a dt 0 At| s
Mass m With Force. kg Moment of | | = Zmiriz kg-m?
See Below. Inertia i
Momentum K m Angular kg-m?
P p=mv g s | Momentum L L=lw 2
Force F F=ma N Torque T r=la N-m
_dp N e dL N-m
dt dt
Work W W:JFdX N-m Work W W:J}d@) N-m
orJ orJ
Translational 1 N-m | Rotational 1., N-m
Kinetic K K= Emv orJ Kinetic K K= 2 lo orJ
Energy Energy
Impulse J J :J'th N-s Angular J kot J et :jfdt N-m-s
Impulse or
J:Ap ‘]Rot:AL J-s

Connecting Equations
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Note that translational impulse and rotational impulse have different units. Remember that
with impulse, the time interval is very short so we could write

J=FAt=Ap and J,,=7At=AL.

When there are no external forces, F =0 and F :i—f:O leads to p=const. Similarly, if

dL
there are no external torques, 7 =0 and T=E=0 leads to L =const. When you consider

the universe as a whole, there are no external anything because the universe includes
everything. So we can list two general conservation laws as:

conservation of momentum,
conservation of angular momentum.
And we do not want to forget our other law:
conservation of energy,
where energy includes energy in the form of matter.
We proceed now to problems and solutions.
N1. The Spinning Figure Skater.

Image Courtesy Rice University. License: Creative Commons Attribution 4.0
Text by Charles Niederriter. Available for free at openstax

We can use conservation of
angular momentum to
understand how an ice
skater spins faster when
the arms are pulled in.

There are no external
forces once the ice skater
gets spin in figure (a). The
angular momentum s
given by the formula

I I L=lw.
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When the ice skater makes more of her mass hug the vertical axis of rotation, the new moment
of inertia |' decreases compared to the initial | . Therefore, |'<1. But since angular
momentum is conserved, we have

lo=1"'w".

The decrease in rotational inertia, i.e., | '< |, means an increase in angular velocity to keep the
above equation true. The result is faster spinning,

w >0.

KB I)I IR Courtesy deerstop, Wikimedia, Dedicated to the Public Domain.

“Yuko Kawaguti, in the 2010 Cup of Russia, free skating. This
photo is an example of a classical illustration of conservation of
angular momentum in physics. When a spinning figure skater
pulls in her arms, reducing her moment of inertia, she rotates
faster.” Photographer deerstop, Wikipedia

Problem 1. A skate starts a spin with an arm and leg extended
with a frequency of 1 rotation per second, which we express as
f, =1Hz, where Hz = hertz stands for 1 per second. Rotation is
understood. Her initial moment of inertia is |,. She then pulls

in her arms and legs as close to the axis of rotation as possible
to achieve a moment of inertia |, with a corresponding

rotational frequency of f, =5Hz. Express I, in terms of I,.

Since there are no external torques affecting the spin, we can invoke conservation of angular
momentum L=Ilw.

L=L = lo=,Lo

Note that w=2xf . Therefore l,m, =, leadsto |27 f, =1,2x1,.

i I, =1 ﬁ = | —ll
1 f2 2 1 5 HZ 2 5 1
By the way, spinning at 5 Hz is equivalent to 5 x 60 = 300 rotations per minute, often written as
300 rpm. But note that the spinning only lasts a few seconds at this high rate. An 11 year-old

young lady, Olivia Rybicka-Oliver from Nova Scotia reached a spin rate of 342 rpm in Warsaw,
Poland in 2015. That rate is an incredible

Lf=1f, = 1,=I

fo34p L _ggp L Imin_3421 .
min min 60s 60 s
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Courtesy deerstop, Wikimedia, Dedicated to the Public Domain.
Skater Yuko Kawaguti

Problem 2. A 36-kg (80 Ib) skater spins at 300 rpm when her
arms are pulled in. The skater is 152 cm tall (5 feet).

Approximate the spinning skater as a vertical spinning rod. Using
this approximation model for the skater, calculate

(i) the moment of inertia of the skater,
(ii) the angular momentum of the skater.

Hint: Use the photo at the left to help you estimate the radius to
use in your model. The skater in the photo is close to 152 cm
tall.

1
Solution. (i) Moment of Inertia. The moment of inertia for a cylinderis | = > MR?, where M is

the mass of the cylinder and R is the radius. Let the distance from each dot to the next be x.

Then, the height h=15.5x and the width in the figure is
W = 2X. Since we are given h=152 cm, we find

2x _ 2, _ 2
155x 155 155

152=19.6 =20 cm

Such a detailed analysis is NOT needed for an estimate.
You can eyeball the width and even make it greater since
the front view shoulder-to-shoulder width would be greater.

....... gy s W
........ TR e 0 5 G The radiusis r=—=10cm.
SIS 1 BSSISHIS NS 2
1=ivre=lss kg (0.1 m)z =1£kg~m2 =0.180kg-m?> => |1 =0.18kg-m’
2 2 2100

(ii) Angular Momentum. Use the angular momentum formula L =@ with

| =0.18 kg-m?® and @ =2rf =27z~(1%)=27r§

L

1

=lw=(0.180 kg~m2)(27r1)
S
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Since we are estimating, just report one significant figure.

2
L-1kg- 1o
S

2 m

. m . s
The units kg-—=kg-—-m-s=N-m-s=J-s. So an alternative answer is in joule seconds.
S S

N2. Jumping on a Playground Merry-Go-Round.

Merry-Go-Round Photo Courtesy J, flickr, AKA Yuek Hahn.
License Attribution-NonCommercial 2.0 Generic (CC BY-NC 2.0)

Problem. Running
and Jumping On. For
the merry-go-round
at the left, we will
neglect the mass of
the rails compared to
the solid thick metal
disk platform.

Let the mass of the
disk be M and the
radius R. A person of
mass m runs to the
stationary merry-go-
round with speed v
tangent to the rim
and jumps on.

(i) What is the angular velocity of the merry-go-round in terms of M, R, m, and v?

(ii) What is the angular velocity if M = 450. kg (a weight of 1000 Ib), R = 1.5 m (5 ft), m = 50. kg

(a weight of 110 Ib), and v = 3.0 m/s (7 miles per hour)?

(iii) How long does it take the merry-go-round to make one rotation if you neglect friction?

Below is a figure from my old notes of many decades ago sketching out this kind of problem.
The equations for the conservation of angular momentum are given with the basic solution.
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.3- sy _P_<_—_?~/'7)‘( Hg‘._, 'Efg]L (/(,e_g ﬂe Wde’ﬁo—nM'\J .l.“\'l/\ Q)Qf?b ﬂta C‘,!J

Jumps on?

Befwe Lg= O + 7vR g VR = Lo+ mfw

Mo L, = Tw +m@R)R i s
i w+%w I+ 7Rk

(i) General Formula. The angular momentum before is tricky. We have the person running with
speed v tangent to the top rim of the disk. Right at the rim just before the person jumps on, the
angular momentum is

L=rp=Rmv,

which I like to write as
L=mvR.

Here are a couple of important points:

(1) We need to choose a reference from which angular momentum is calculated. The obvious
choice here is the center of the merry-go-round. That choice is the one we implicitly made
above in calculating the angular momentum for the incoming running child.

(2) We can calculate the angular momentum due to the running person relative to this center
using the vector formula. The figure below shows that the initial angular momentum does not

change as the child approaches the merry-go-round.

We start with the formula

.
L Working through the cross product, we obtain
L=rmvsind

L=rmyv sino L =rmvsinén,

L=mvrsing

L=mvR where the unit vector n points out of the page.

Since the sines of supplementary angles are equal, we can write for the magnitude of the
angular momentum
L=rmvsin@=rmvsing=mvrsing=mvR.
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Returning to our figure with the calculation, we can list the before angular momentum as zero
for the stationary disk platform plus our mvR.

MCVva—@o—EanS
/ebmm;\ \Tuvn Vv ﬂ Clﬂi“ rans %JJ"""FS on ﬂe P O'IC a Wlery{j-jf--rouucf.

'3- =5 -P°<~——%% Hau 'Eﬁs],' J&CS '/Ze meh((j’ﬁo—rauy\e] ]Lh\w\ ﬂﬁ'?b The Ch’,./dp

d.‘*me °q7

the Ly Or k| VR = Lo+ 7kl

At L, = k)R P
A ICU’I‘%W I+7”7K1

Lbefore = O + mVR

Afterwards, the disk starts spinning with the child on the end.

L

atter = Daise @+ | ohitg @

Leave the moment of inertia of the disk as |, for now. The moment of inertia for the child is

I = MR?. The angular velocity is the same from both the disk and child as they will make one
revolution in the same amount of time. Conservation of angular momentum can be written as

Loore = Lagler  =>  O+MVR =l 0+ 1,0  => mvR=(lgy + 1)@

mvR mvR mvR
Q=—- => = FE— => w = —_—
Idisk + Ichild Idisk + mR I + mR

The above formula allows the railings to be included. But since we can neglect these,

mvR _ mvR _ mvR
CTTImR. O YT o TnRE 9T
disk =~ MR? + mR?
2mvR 2mv 2m \Y;
:—2 2 => oO=—- = = (—)—
MR* +2mR MR +2mR M+2m’ R

Is the answer reasonable? The units check out. What about a super massive platform?

. . 2m v
lim o= lim (———)—
M —big M-big M +2m R

~
~
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This result is what we would expect.

(i) Specific Case. We are given M = 450. kg, R =1.5m, m =50. kg, and v=3.0 m/s.

= ( )~ — 2:50 )_:@ Z:E-Z:E-Z:——O%%@
M +2m R '450+2-50"15 550 55 11 11
_036@

(iii) Time to Make One Rotation (neglecting friction). Friction of course will kick in here but if the
merry-go-round is lubricated well, you will not get much slowing down during the first single
rotation.

One rotation corresponds to 27 radians. We can quickly arrive at the answer from the
dimensions. The time for one rotation, the period T, is

@ 03636 0.3636

Two formulas relevant here that are important to know by heart are
1
w=2rxf and f ==.
T

The first equation we have seen in our study of rotation. The second one can be thought of as
common sense. If it takes T = 1/2 second to do something one, then you are doing f = 2 per
second. You flip both the number and the unit: T=0.5sand f=1/T=1/(0.5s) =2 1/s = 2 hertz
= 2 Hz. Same goes the other way. If you do something 2 times per second, it takes 1/2 second to
do it once.

Approaching the problem this way with these formulas:

w=2rf => a)=2nl => T=2_7T = T= 2r _
T 0] 0.3636

As we have said, it is always good to know more than one way to do things.
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N3. Running in a Circle on a Playground Merry-Go-Round. This problem is a little far-fetched
since first, it is hard to come by a playground merry-go-round without all the railings. Second, it
is hard to walk, let along run, on a rotating platform.

Merry-Go-Round with No Handles, Halle Playground, Berlin, Germany (January 1, 2003)

Courtesy Andrew Coffin, flickr, License: Attribution-NonCommercial-NoDerivs 2.0

We found a merry-go-round with no handles. Imagine a large rotating platform and level.

Problem. A child is at rest on a large merry-go-round with no rails. The merry-go-round is
stationary at the start and have a moment of inertia | . Then the child of mass m stands at a
distance r from the center to walk or run in a circle at that radius r on the ‘go-round with
speed V relative to the platform.

(i) What is the angular velocity of the ‘go-round in terms of the relevant parameters? We do not
expect the child to walk for any long length of time.

(ii) What is the formula if the platform is a disk with mass M and radius R ?
(iii) What is the angular velocity if M = 450. kg (a weight of 1000 Ib), R = 1.5 m (5 ft), m = 50. kg

(a weight of 110 Ib), v =0.50 m/s (1 mile per hour) and r = 1.2 m (4 ft)?
(iv) How long does it take to make one rotation neglecting friction?
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A sketch and solution with conservation of angular momentum is in the figure part ii below.

Mcwa- é'-o—-,?(-thS

¢) Runmin Jum v 5 A child rans and jumps on The run of « meny-js-nud.
-j- = —P-—e-?(w Ho:.) 12457L JoCS‘ ﬂe mewa‘?o—ram.i 'hwp\ ﬂﬁ?b ﬂze CA"/&‘
d.“me cn?

Befive Lg= O + 7R g vk = Lw+ 7»7,(240

Afte L, = mR)R fe LR
. Iw+%w T+ 7R

) n ounJ .
“)'ﬁm"’j A’:‘X\‘ A CLI[(J a'f—ves‘(‘w { V)O’Hro‘h}m:j Welfy?_jo-rwnc] beg!ér '/BV“V\

N N:\ Qa Clk},(e on m 'JO‘Va\mJ wf?l/i} 'SPeeJ V. M«?‘If ﬂe

/ %Qu{qr Ve(ocH? a)[‘ ﬂre yomuma/? t"’é’la{‘/vé f "jor.....,l
W Befire Lg=O+ O f Tew+ VP +pw=0
No e
/']"H-Cr Lﬂ = Iw -+ 7’)7(V+WV‘) V e 771VV‘____ S/‘hilan’fa.
I+ mbr? | with the

wﬁ: Lm be Vlcsﬁ'h"t abore fornok

Before the child moves, the total angular momentum is zero since the angular momentum for
the child and the angular momentum for the disk are both equal to zero. Conservation of
angular momentum then gives

0+0=lyg @y + lpita@ria => ik @aisk + onita @ening =0
The easier parameters are these three.
1. = ! MR? = I .. =mr?
dis =5 Wiy = O chig = MF
The tricky one is the angular velocity of the child since the child is moving on the disk.

. \'
DOpritg = F"'w

Think of this equation as the result relative to the ground equals the result relative to the disk
plus the disk’s result relative to the ground. Putting it all together,

\'}
2
Liise @aisc + 1epita @eniig =0 and 1yq0+mr (F"‘Co) =0,

where | intentionally left the disk inertia as a variable to compare with the above figure.
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2
lgg@+mrv+mreo=0
(I i +Mr?)ew+mvr =0

2
(I +Mro)o =—mvr

mvr

O=————
|y M

This answer agrees with the calculation in the figure.
: . 1.2
Now, inserting | ZEMR ,

mvr
w=—

1 MR? +mr?

2mvr

=
MR? +2mr?

. . 2mvr
Note that lim w=- lim —————~0 as expected.
M —big M—big MR +2mr

(iii) What is the angular velocity if M = 450. kg (a weight of 1000 Ib), R = 1.5 m (5 ft), m = 50. kg
(a weight of 110 Ib), v =0.50 m/s (1 mile per hour) and r = 1.2 m (4 ft)?

2mvr 2(50)(0.5)(1.2) B 60 60

7 7= 2 > =— =— =-0.05188
MRZ+2mr?  (450)(L5)° +2(50)(L.2)°  1012.5+144 11565

w=-

w=—0052"
S
(iv) Time for one rotation.
w=2rf :27r1 = T :2_7z = T= 2z =121.15s
T w 0.05188
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N4. Coupled Flywheels. This problem is taken from the excellent online text by Professor
Charles Niederriter, Gustavus Adolphus College, St. Peter, Minnesota, USA. The text is available
for free at openstax, Courtesy Rice University, Houston, Texas, USA.

“A  flywheel rotates without
3y friction at an angular velocity wo
= 600 rev/min on a frictionless,
vertical shaft of negligible
rotational inertia. A second
flywheel, which is at rest and has
a moment of inertia three times
that of the rotating flywheel, is
dropped onto it (Figure). Because
friction exists between the
surfaces, the flywheels very
quickly reach the same rotational velocity, after which they spin together. (a) Use the law of
conservation of angular momentum to determine the angular velocity  of the combination. (b)
What fraction of the initial kinetic energy is lost in the coupling of the flywheels?” Mechanical
Universe by Charles Niederriter.

Solution. (a) Since no external torques act on the system about the axis, we can use
conservation of angular momentum.

Lbefore = Lafter => IOa)o = (IO +3|0)a)

@
o, =4l = @y=40 => |©o=—"
4

L o rev o
The initial angular velocity is given as @, =600 ——, where you are expected to get it into
min

) ) ) rev ,
radians per second. Technically, we are given a frequency f, =600 ——. So, let’s convert.

min
Conversion Method 1. Our good old units conversion tricks.
600 ﬂ:GOO re_v 1min 27 rad _ 600 o rad rad 0.0, rad _Zoﬂ@
min min 60s 1lrev 60 S S S
rev
Conversion Method 2. We recognize we are given the rate in the form f; =600 ——. Then
min
w,=2xt, = =21 600@_2 600189 _ 571074 _ 5, 14
min 60 s S S
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We proceed now to get the answer for the final angular velocity.

o =207 o L@ Nzrd _gord o g5qred
S 4 4 S S S

(b) What fraction of the initial kinetic energy is lost in the coupling of the flywheels?”

1

K =§%@

before

K

after

=%Uﬁ3%ﬁf=%@%ﬁf=ﬂwf

The change in kinetic energy is AK =K. — K, . =21,0° —% |, f

after before

o)
Substitute o = IO )

, 1 1 1 11
AK:ZIO(TO)Z_EIOQ)S => AKZZIOECO;—EIOCUS => AK:(g—E)Ioa)g

AK:(%)IOCUS => AK:—gIOa)(f

The negative sign indicates we lost kinetic energy. The fraction lost is

3
aK| glo%
I _

_3.
8

2_3
1 4

before 1 |0 a)oz
2

Shortcut. Since we know K

1 @ , I :
petore = 2 l,w} and @ = 70 . The final kinetic energy is then

1 1 , 2 1
Kater =§(|o +3|o)a)2 :E(‘“o)a’2 =2|0a)2 :ZIO(TO)Z :E |0a)§ zg |oCOg
1
Kafter _ glowg

3
=> Welost —, i.e., 75%.
K 4

1 2
bef _
efore |Oa)0
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N5. Centripetal Force and the Straw. A classic demonstration is shown below, where a mass m
is attached to a string and twirled around in a circle with radius r,. Then you pull on the string
to decrease the radius to ,. The moment of inertia | = mr? decreases and the mass speeds up.

Angular momentum is conserved since the force you exert acts perpendicular to the motion
and does not add any external torque to the motion.

:/n“/ﬂ T]}ﬂ’(TEar-V‘Mﬁ Pull on sJﬂr.,,;j R sm((, T Sl | w_;/q,je_
- e ".l 3 | W
G e

4" R4
I\\ S, 5 | )//’/ Ll: LZ
4-./5"51}»‘1'«-) I]LU‘= I.awl or 7’}7\4‘/} :W\Var,_
\‘—_——/_‘_‘V'/”‘——‘—\
a
%y‘,Rw‘ = M Wy
L
g o r\2 Pull 1 s0 y;/v. =L :—-—)&JJ:%QJ’
V;;!:J Vo woz:(-‘—)w r 2
| - T v/
I, Vaz=lby, = V=3V,
— 2
Gh&g;{ qs 7’;,1,\ ﬁjc !;,; lf(?vc;t-;{hu'
"'L:??Ey%u%c; {5 L[/ —ll,'rlfvr?S
f}V@T?’.’k

Problem. See the description of the classic centripetal force demonstration above. An initial
circular revolution is obtained for mass m at radius I, with angular velocity @, . The string is

then pulled so that the radius is decreased to r, with a greater angular velocity w, . Let the radii
be related by 1, = gr,, where f>1.

(i) Angular Velocity. Find the angular velocity @, at radius 1,.
(ii) Kinetic Energy. Find the kinetic energy gained as the mass goes from radius I, to radius T, .

(iii) Work Energy Theorem. Show that the work done by pulling the string accounts for where
the gain in kinetic energy came from.

(iv) Numerical Answers. Calculate @,, f,, and AK when m=3.0g, ,=20.cm, f, =1.0 Hz,
and r, =10. cm. Finally give f,.

Solution.

(i) Angular Velocity. Since there are no external torques, we begin with conservation of angular
momentum.
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L=L = lo=Lo, = mnio=mro,

2

2 2 _ _ 2 —
mr o, = mr, w, => Lo =10, =>

.
w, = (_1)2 @,
r

With the representation 1, = ¢r,, we find the following formula.

-2y - (pya

I,
w, = (_1)2 2]
r 2

w, = ﬂza)l

Since f>1, we will have @, > .

(ii) Kinetic Energy. The gain in kinetic energy is given below.

AK=K,-K, => AKzgmvj—%mvf => AK:%m(a)zrz)z—%m(colrl)2

I

5

Substitute in @, = f°w, and T, =

1 1 1 I 1
AK =2 m(@,n)* —om(@r)” = AK=§m(ﬂ2a&'j)2—§m(aﬁﬁ)2

AK :%m(,b’colrl)2 —%m(a)lrl)2 = |AK =%mr12a>f (p*-1)

(iii) Work Energy Theorem.
W = [F-dr=AK

2

. . = mv- ~ . . . . . . .
The force is the centripetal force F =———r, in the opposite direction of increasing radius. Or
r

in words, the centripetal force F is at 180° with respect to dr. Therefore, the integral is
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2

W = J‘E& = —I Fdr , where the magnitude of the force is F = m .
r

Both the speed and radius will change as we pull in.

However, the angular momentum is a constant, which we can arrive at in two ways:
Y
L=lo=(mr°)(=)=mrv or L=rp=rmv.
r

Use L =mvr =const to our advantage as follows.

mv:  mivir? L°

r mr® mr

F=

3

Now it is clear where the constants are and the variable to integrate.

2 2
W:—der—> z%dr:L Z%dr
nomr mes r
A L2 11"
W=—["=dr=—=| ——
mjﬁ r m{ 2r21
21> 1,1 1
W:__z :—(—2——2)
m2ri. 2m'r,
2 2
w=—_&
2mr” -,
Now substitute 1, = fr,.
LZ IBZrZZ L2 )
= —1 => W: _1
2mr12( ;7 ) 2mr;? =)

Next substitute L =mr’o=mr’e,.

era) 2 m2r4 2 er 2
o) gy » w-Cidpoy - w=TR oy
1

W = >
2mr,
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1
W = mi’e (5% -1)

The work-energy theorem states W = AK .

Therefore, we find that the change in kinetic energy from the work-energy theorem,
1 2 2 2
AK:EmEa)l(ﬂ _1)1

is exactly what we calculated for the change in kinetic energy from AK =K, - K.

A beautiful example of physics all coming together.

Note that when you tug on the string, you tug just a little more than the centripetal force so
that the radius shortens to support the new angular velocity. We saw that

2 B m2V2r2 B L2

r mr® mr®’

F =

which means F ~i3.
r

1
The force you apply increases as —- as you pull the string down.
r

(iv) Numerical Answers. Calculate @,, f,, and AK when m=3.0g, ,=20.cm, f, =1.0 Hz,
and r, =10. cm. Finally give f,.

w, = (::_1)20)1 AK :%mrlza)lz (B -1)
2

@, = (i)zca1 = (i)zzm‘1 = (E)Z(Zﬂ-l) =4.27 =87 =25.13
r, r, 10

, = 25%

I
The frequency f, is easily obtained from w, = 87zid.
S

Each w, =27 rad is a revolution. Therefore | f, =4.0 Hz
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For the kinetic energy AK = 1mrlza)l2 (5° —1) we note that = n_200_,
2 r 100
l 2 2 2 1 2 1 2(n2
AK =~ me? (21, (8" ~1) = (0,08 kg)(0.20 m)* (2 1)*(2° ~1)
S
AK = (0.03 kg)(0.10 m)* (27 2)2 (4—1)
S

AK = (0.03 kg)(0.01 m?)(4? Siz)(s)

AK = (0.0003 kg-m?)(127° Slz)

2
AK =0.036 kg- o
S

The dimensions check out: mass time velocity squared.
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N6. Applying Physics to Bowling — Slipping and Rolling. When we are confronted with a physics
problems in real life, it will not necessarily neatly fit into one of our chapters, but may need
selected principles from various chapters. The bowling ball problem is a nice example of such a
problem.

Bowling at Fort George G. Meade, Maryland, USA. My wedding party was at Ft. Meade.

ourtesy Photographer Steve Ellmore, flickr. License: Attribution 2.0 Generic.

Problem. A bowling ball with mass M =6.0 kg (weight of 13 Ib) and radius R =10.9 cm (4.3
inches) is thrown straight down the middle of a bowling alley with no spin and speed

m
V, =7.0 — (16 mph). The ball initially slips on the lane, but eventually it starts to roll. The
S

coefficient of kinetic friction between our particular bowling ball and lane surface is =0.20.

The length of the bowling lane from the foul line (where the ball is released) to the head pin is
18.3 m (60.0 ft).

(i) The velocity v of the ball after it stops slipping. First find a general formula.

(i) The distance d traveled during the slipping phase. First find a general formula.
(iii) The time of travel t during the slipping phase. First find a general formula.

(iv) The time T for the ball to travel from the foul line to the head pin.

(v) The total number n of spins the ball makes during its purely rolling phase.
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This problem has the best of both worlds: theoretical derivation of formulas and then real-
world data for numerical calculations. The first part of this problem is very common and stated
very briefly as follows:

(i) A bowling ball is thrown down a bowling alley with initial speed Vv, and no spin. What is the
final velocity v of the ball after it stops slipping and begins a pure roll?

That’s all you get. They do not give you any more information. The problem is scary and | found
it challenging the first time | encountered it.

Pure Slipping Slipping & Rolling Pure Rolling

Vo —> VvV —>

« —dt—— » Nomore torque.

The equations of motion throughout distance d and time t are as follows.
Y F,=—f=Ma > F,=N-Mg=0 f =uN

The three equations can be written as

—-f=Ma
N =Mg
f =uN

Working from the bottom up as we have done often,
f=uN=uMg.

Now use the first equation to find the acceleration.
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—f=Ma => a:_i = a:_ﬂMg

M M

We turn next to the torque equation.

Y r=fR=la

For the solid bowling ball, not worrying about the three little holes for the fingers,

I :gMRZ.
5

Substituting this rotational inertia into the torque equation and using f = uMg,

fR=la => (uMg)R= (é MR?)ax

(YR=CR)a = (u)=CGRla = Ra=>ug

g=2H9
2 R
Now what?

We need to add some translational and rotational kinematics.

A

Translational: a=—ug = "

Rotational: a:g'u—Rg:@:%:X} since V=wR for the rolling.

The trick now is to note that the same time t appears in each equation:

V-V,
t 2 R Rt

Better yet, we can eliminate the entire group of factors: ugt!
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The pair of equations

_V_Vo
ug = "
Sug _vi
2 R Rt

can be written as

—HOt =V =V, MOt =V, =V MOt =V, —V
5 ugt v => 15 => 2
2 R R 19 Het=g

From these two equations we eliminate the gt and arrive at

V,—V=—V.
0 5

We want to solve for v.

We finally arrive at the cool answer!

5
V:7V0

5
The bowling ball has slowed down from its initial v, to 7V0-

Forv,=7.0 m (16 mph), we find VZEV :§-7.0 m.
0 S 7° 7 S
v=50 1
S

This speed is equivalent to 11 mi/h = 18 km/h = 16 ft/s.

(ii) The distance d traveled
translational and rotational
another kinematic equation

during the slipping phase. This beautiful problem not only reviews
dynamics, but also translational and rotational kinematics. We use
to obtain the distance d .
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The kinematic equation 2ad =Vv? -V} in conjunction with a=—xg will getus d .

R B _ N R B _V2—V§
2ad =v°-v; => 2(-ug)d=v--v, => d=
—2p9
d:vg—vz
2ug

5
Finally, we invoke v = 7V0. Then

vg—v2=v§—($v0)2 => vj—vzz{l—(g)z}vj => v§—v2:{1—§}v§

49
49 25 s o 24,
=(—-— = V-V =—V
(49 49) ° ° 49 °
2 \,2
Substitution this last equation into d = =2 leads to
2ug
1 24, 1 12 ,
= v, = = —V;
2u9 49 ,ug 49
_L2 v
49 ug

A very cool formula.
. m
With v, =7.0 — and £=0.20,
S

_12V; 12 (7.0 12 49 12 _60 _fionpm

49,ug 49 0.20-98 49 020-98 020-98 98

This distance is 100% x 6.1m/18.3m = 33% down the bowling lane.

(iii) The time of travel t during the slipping phase. We can go to another kinematic formula, one
with the time. A simple oneis V=V, +at .
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V-V,
v=V,+at => at=v-y, = t=—"77

a —ug 19

5
Then using v = 7V0 , the difference in velocities is

5 2
VO_V=VO_7VO =7V.

. .. . V,—V .
With this difference in the numerator of t =2 we get our equation.

H9
NV B I
“g ug 7
tzgﬁ
7 19

All of these formulas are neat.
. m

With v, =7.0 — and £=0.20,
S

2

2V 2 T 2 10,5
7ug 702098 02098 98

(iv) The time T for the ball to travel from the foul line to the head pin. The distance from the
foul line to the front center pin is given as 18.3 m. Therefore, the rolling distance is

18.3 -6.1 =12.2m

During the rolling phase the ball travels at v= ;vo =g-7.0 M_50, Using d,, =Vt
S S
ton = Aoy 122 244 s
v 50
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The total time from the foul line to the pin is then

T=Tyq +T,

roll

(v) The total number of spins the ball makes during its purely rolling phase. We have found, the
rolling distance to be

=1.0s+24s

18.3 —6.1 =12.2 m.
The bowling ball has a radius R =10.9 cm . This radius leads to a circumference of
C=27R=27-10.9 cm=68.49 cm=0.685m.
The number of rotations is then

12.2m
0.685 m

=17.8

n~=18
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