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Chapter R. Fourier Optics

R1. Fourier Series.

Jean Baptiste Joseph Fourier (1768-1830)
Courtesy School of Mathematics and Statistics
University of St. Andrews, Scotland

F(x) = % +"[a,, cos(mx) + by, sin(mx)]

m=1

aozij”f(x)dx
72' —7T

a =2 [ f (x)cos(n)dx
7Z' v —7T
1 ¢+ .
b,=—1] f(x)sin(nx)dx
7Z’ [t/
Derivations follow.
(1) First consider J._ﬁ f (X) dX.

[ fdk= jf:%dx ' i[ [, cos(myax+ [ b, sin(mx)dx}

Question: Why can we write and

J'_M cos(mx)dx =0 j_wsin(mx)dx =0,

Answer: Think area under these functions over a single cycle.

Therefore, the trig functions don’t appear:

[Tt = Ij:%dx = %x[j :%[n—(—z)] a7

aozij”f(x)dx
Ty
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(2) Second consider
_[_M f (x) cos(nx)dx = I_M % cos(nx)dx

+i[ f: a . cos(nx)cos(mx)dx + _[j: b, cos(nx)si n(mx)dx}

+ aO d
The first integral is zero: j_ﬁ ? cos(nx)dx =0 :

Case N # M for the 2" integral.

eie _I_e—ia ) i0
cos¢9=T and SIN@ =

_p 0

2i

inx —inx imx —imx

+z €7 +€ € +€

)

jj: cos(nx)cos(mx)dx = I

Four pieces are present, each having the form below with integer p =0 .

+7 +7

e :%[cos(px)+isin(px)]

Ip

r” e™dx =
-

-7 -

AT
ipx
e'P

ip

JWT e dx =

= %[cos( prr)+isin(pr)] —%[COS(— p)+isin(-pz)]

T 1 i 1 i
j e™dx=—[-1+i-0]-—[-1+i-0]=0
o Ip Ip
Case N =M for the 2d integral. Over a full cycle or complete number of cycles

f” cos”(nx)dx = I_Msin2 (nx) dx = %U_M cos”(nx) dx + J'jﬂsinz(nx) dx}

Michael J. Ruiz, Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International



_[_m cos’ (nx) dx = %U_M cos” (nx) +sin’(nx) } dx
JT: cos’ (nx) dx = %f: dx= j‘oﬂ dx=x =7—-0=7x

+7
Summary: j_” cos(nx) cos(mx)dx = 7Z-5nm , Where

o; =01ifi= |
o; =lifi=]
The symbol §ij is called the Kronecker delta.

+ .
whatabout | COS(M)sin(mx)dx.,
Since we have a product of an even function and an odd one over a symmetric interval
+7 .
j cos(nx)sin(mx)dx =0
-7

+7
Getting back to our consideration of _‘:ﬁ f (X) COS(nX)dX , we have the result

_[_HT f (x) cos(nx)dx = J_M % cos(nx)dx

o0

+Z[ f: a, cos(nx)cos(mx)dx + _E: b cos(nx)si n(mx)dx]

[ 7 f(x)cos(m)dx =0+ (a, 5, +b, -0) =a,z
i m=1

a =L [ £ (x) cos(nx)dx
7Z' —7T
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(3) Third consider
+7 . +7 aO
I f (x)sin(nx)dx = _[ ?cos(nx)dx
0 7 ) 7 ) .
+Z[ f a,. sin(nx)cos(mx)dx + _[ b, sm(nx)sm(mx)dx}
— /] /]
A similar analysis as we did for the cosine leads to

[ 7 sin(nx)sin(mx)ax = 75,

Then

j” f(x)sin(nx)dx =0+ (a, -0+b,, - 78,,) =b,7
- m=1

p =1 [ £ (x)sin(nx)dx
72' —7T

All has been derived!
R2. Series Example: The Square Wave.

[e¢]

f(x)= % +> [a, cos(mx) +b,, sin(mx)]
m=1
1 _
-2n - 0 T 2N
— -1

Since the above square wave is an odd function, the ao and an integrals are zero. The bn
integral is the one that will give nonzero values.
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b = 1 [ £ (x)sin(nx)dx = 2 [ sin(nx)dx
Ty T 0

21

2 cos(nx)|" _ —£ Z[cos(nr) - cos(0)]
TN

b =—2<

" 71 n

0

Foreven N =2K  where K=1,2,3...

b2k——3—[cos(27zk) cos(O)]_—Ei(l 1)=0
72' 72'

Forodd N=2K =1, where K=1,2,3...

2
=—— cos(2zk — ) —cos(0
k-1 7Z2k—1[ (27k — ) ( )]
2 1
STl R
41
bn ;n for odd N .

1 1 1
f(x)= {sm x+3sm(3x)+5sm(5x)+ 7sm(7x) }

Michael J. Ruiz, "Free Sixteen Harmonic Fourier Series Web App with Sound," Physics
Education 53, 025008 (March 2018). pdf and The App

Visualizations Follow
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Time Domain
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Adapted from the University of California, Berkeley
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Adapted from the University of California, Berkeley
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R3. Fourier Transform.

Remember our wave packet W(X, t) = I A(k)ei(kx_wt)dk ?

ikx
Watch these math steps that will lead to an integral like IA(k)e dk :

f(x)= % + i[am cos(mx) +b,, sin(mx)]

m=1

aozij“’f(x)dx
Ty

a, = L f (x) cos(nx)dx
7Z' T
1 p+x :
b.=—| f(X)sin(nx)dx
72' -7
cos(mx) = ———° o sin(mx) = = ;_e _° 2_'6
|
ao o0 eimx_i_e—imx ie—imx_ieimx
f(x)==2 ————)+b
()= +m2;{am( I — )}

f (X) = %+i|:(—a1" _2|bm )eimx +(am —;Ibm )eimxj|

fx)=3 ce™

-2

1 : 1 :
ana(an_lbn) for n>0 CnZE(an+|bn) for n<0

aozij*”f(x)dx G 1j”f(x)olx
72' -

=51,
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Now consider the above Cn definitions with

1 e
a,=— j f(x)cos(nx)dx .

p =1 [ £ (x)sin(nx)dx
T '

1 ¢+7 . .
C, :EL f (x)[cos(nx) —isin(nx)|dx . n>0

C. _ L f (x)e"™dx
27 07

c, :% [ £ (0[cos(n) +isin(m)]dx o, n<0.

1 4n .
C =— j f (x)e"™dx
27 -7 '
Therefore, for all N, positive, negative, or even zero, the following works.
1 p+n §
C, :—_[ f(x)e "™ dx
27 07

For notational purposes, rewrite the above with a new z-variable and g(z).

. _ 1 j Tf@)emdz  |f(z)= i c.e™
2 YF

N=—o0

Then expand the interval by a transformation of variables.
T <I<+rx

—L<x<+L
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_72' _7[ d_ﬂ'd
Thisleadsusto;_t,ie,Z_Ixand Z_I X We arrive at
|—X —I—X
9(—X) ZCG o =—j g(—x)e Ex_
N=—o0

We can write these as follows.

iy 1
f(x)= ceL C =— fxe
(X) 2 o) (X)

It is time for some "theoretical physics" magic. Note that this chapter is not meant to be super
mathematically rigorous, as physics usually never is. Our focus here is trying to understand
where the Fourier transform comes from rather than just giving it to you.

We would like to transform the series to an integral. We note that since the N are integers, then
AN =1 we then write

f(x)=> cneiTXAn |

N=—o0

Now we introduce a new variable, one which we intend to promote to a continuous variable.
K Nz

Therefore,

and T , leading to

f(x)_Zce Ak

N=—o00

Michael J. Ruiz, Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International



Let LCn > C(k) . With the new variable k now a continuous variable,
1 (e ikx
f(x)== j c(k)e™dk
T )

The variable K has become a continuous variable and we have replaced the sum with an
integral. The three things we did: 1) replace delta k with dk, 2) "rip off" the n from the ¢ and
introduce c(k), and 3) turn the summation sign into a "snake" where we integrate over all k since
our sum did that for the discrete case.

What about our other equation?

cn:i Tt
2L 7L

With our new variable we have

Le. —> c(k) = % [ foe™ax

(X)e - dx

+

-L

Summary:

f(x) = % [ clerd

c(k) = % [ f(x)e™dx

We will adopt the following convention for defining the Fourier Transform. Our convention will
involve a symmetric definition, but you do not have to things this way. The convention we will

use is to define
c(k) = \/% F(k)
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Then, our two equations



° i Ly —ikx
Jckedk o ck)=2 [ f(0e™™dx

umzij

become
1 ¢ ik 1> |7 ikx
f(x):-j c(k)e dk:-j = F(k)e™dk
JTY° o\ 2

f(x) = % [" Fe

1 ¢+ ik 1|2 ¢+~ ik
\/%F(k)zij.wf(x)e dx _ F(k)=5\/;_[oof(x)e dx

The result is the symmetric equations below.

F(k)e™dk F(k) = f (x)e"™dx

1 1
0= . -

The function F(k) is called the Fourier transform of f(X) and f(X) is the inverse Fourier
transform of F(k) .

Some authors write the Fourier transform with the following notation.

I{f(x)}=F(k) = % j_j f (x)e ™ dx

The inverse Fourier transform is then

IYF(K)}= f(x) = % ji F(k)e™dk

ikx
There’s your j A(k)e dk as promised earlier!
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R4. Transform Example: Rectangular Pulse.

a a
f(X)=1 for _E SXs o where a >0 ang T(X)=0 eisewnere.

I{f(x)}=F(k) = % j_j f (x)e ™ dx

+al2

\/_J. al2

F(k) = e dix

+al2

l e—ikX

Ry I

1 |:e—ika/2 _ eika/2:|

2z (k)

1 |:eika/2 _ e—ika/2:|

J2r ik

1 2 |ka/2_e—ika/2
F(k
(k)= N k{ 2i }

F(k)=

F(k) =

F(k) =

1 2a . ka

m - sm(?)

2a sin(ka/2) 2a . ka

= SINC{—
J2r kal2  2r (2)
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F(K) =




—Om

: _sinX
The sinc function is defined as SmC(X) -

X

Now it’s time to remember L'Hopital’s rule (also L'Hospital's rule)
00 F'0)
x—>c g (X) x>¢ (X)
Applying L’Hépital’s rule,

. SInXx COS X
lim——=1lim
Xx—0 X

———=co0s0= 1

x—>O

The sinc(x) function is compared below to cos(x)

—4ar —2m

27 41t

O

| | | | | | |
13 9 i) T T D 9 13
—ao T a7 2™ T3 2 2T 2™ 27

Courtesy Wikipedia: Georg-Johann. Creative Commons License
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