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Chapter F. Thick Lenses

F1. Cardinal Points.

For a thin lens you have one focal length and it is the
same on both sides. Light starting out at a focal point
F results in parallel light.

The lens is so thin that we can replace it with the red
dotted vertical line, actually a plane. This plane is
called the principal plane.

In a thick lens there are two of these since the front
and back focal lengths are not the same length. See
the diagram below, where there is a front focal length
FFL and a different back focal length BFL. These
lengths will be different in the general case.
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At the left is a thick converging lens. Note the two
refractions for the top red ray. The ray appears to
bend once at the primary principal plane located at
point P on the optic axis.

But rays entering from the rear appear to bend once
at the secondary principal plane that passes
through point P’. In the thin lens above, these
planes coincide and P is the same as P’.

The six labeled points are called cardinal points and
they are described below.

F and F’ are the front and rear focal points.
P and P’ are the front and rear principal points.
V and V' are the front and rear surface vertices.

The three focal lengths are as follows:

FFL is the front focal length (from F to V).
BFL is the back focal length (from V' to F’).

I EFL % EFL is the effective focal length (from F to P).

- - We will show that EFL is also the distance from F’
to P’ as the derived formula will be symmetric in the lens parameters.

Michael J. Ruiz, Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International


http://doctorphys.com/

These three focal lengths are listed in the figure as

ff for the front focal length, fb for the front back length, f for the effective focal length.

The effective focal length is the one satisfying

all measured from the principal planes.

S, (to object) «—— ——» 5, (to image)

F F’
ff \ fb
f f
d
F2. Formula for the Back Focal Lengths fy.
air n, glass n, air n. We start with two equations
from the last chapter:
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where Sy, = d =S,
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Setting N, =L and N, =N,

1 n (n-=-1 n 1 (@-n)
—t—= and T—= R -
Sol Sil Rl S02 Si2 2

The image due to surface 1 is in the glass in our figure, at point B. But it could be to the right of

surface 2. Things would still work out. In that case Sy, = d-— Sip < 0. These formulas that we
derived in the last class look like the thin-lens formula

1 1 1
s, S f°
where for the first surface (surface 1):
Sia Rl
S =S,1, Si —F,and fl_ n—1-
M SI Si1
The magnification due to surface 1is ""'1 -
So ns,;
For surface 2,
S R S ns;,
So :LZ’ 5. =S, f2 —__ and M,=—"=——"12
n n-1 S, So»

We eventually want an equation for Sj» without the intermediate image information S;;. Let’s
work both equations in parallel, i.e., side by side and solve for the image distances in each case.

i1,n_1 n 1 1
Seu St fl Se2 Sz fz
n_1 1 1.1 n
Sll fl Sol Si2 f2 Soz
i_sol—f1 1 s,—nf,
Sit flsol Si2 fzsoz
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Sil nf1501 Si2 fzsoz
S = m:1501 S = f2302
il f i2 f
Sol - S02 —nN 2

Now we use the connecting relation Sy, = d-s,;.

S. = fz (d _Sil)
i2 —
(d—s,)—nf,
|
_ fzd _ fZSil
i2 —
d—nf,—s,
— r]flsol
Now look above and find where we found Sil - f
Sol_ 1

f,d - f,s,

. - S.. = :
We substitute it in the ~i2 equation.

And we start to get into some heavy algebra — and interesting.

If you are getting excited like | am, you are a theoretical physicist at heart.

fzd _ nfl fzsol
S Sol B f1
i2 —
nf.s
d —nf, - —+L
Sol_ 1

But to find the back focal length fb we want
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Sop —> 0,

We could have started with this limit first, but it is nice to see the general formula for S;, and we
need the general case in the next section to arrive at the front focal length.

When Sy, — 9 | then S; — fb

and
f d _ nfl fzsol
-V f,d —nf,f, S
Si2 = nf,s d —nf f since ———1
d —nf, — — 1%L —ni, =ni, S, — T
S~ Iy
S01 _)1:

Math professors would like me to write for the last step s _f
ol 1

lim—o —fim—1 -1 _1
xSy — X_ml_i 1-0 .
So1
So we have our back focal length.
¢ - fd-nhf,
d —nf, —nf,
fz (d - nfl)

> d —n(f,+ f,)

Did we make any mistakes? One way to acquire security in our answer, besides checking all the
steps, is to see if in a limiting case that we get a result we already know. Suppose we have a

thin lens. Then d = 0 and

_ fz(d_nfl) BN fz(o_nfl) _ nfle _ flfz
° d-n(f,+f,) O0-n(f+f,) n(f,+f1,) (fl+f2)"'e"

1 1 1

f_ = T + f_ , the thin lensmaker’s formula result! What?
b 1 2
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Yes. From the last chapter

1 1 1
¥ =(n-1) a _R_ , which is equivalent to
2
1 1 1
_—_+_
fob, T T
: f = R f,=— R,
since 1 n—1 and '2 n—1

F3. Formula for the Front Focal Lengths fs.

The front focal length is found by letting Si; — . Then So1 —> T . Now we need that
general formula we derived earlier.

fzd _ nfl fzsol
S Sol B f1
i2 —
nf.s
d —nf, - —+L
Sol_ 1

We find Sj; — % when the denominator is set to zero.

rTI:1801

d—nf, - =0
So1 — f1
MhSa_ _ g s
2
Sol -

Multiply both sides by So; — f;.
nf,s,, =(S,, — f,)(d —nf,)

nf,s, =s,,d —s,nf, — f,d +nf.f,
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Get all the Sy; terms on the left side of the equation.
nf,s., +S,nf, —s,d =—f,d +nf f,
S, (Nfy +nf, —d) = £, (—d +nf,)

.  f,(~d +nf,)
" (nf,+nf,—d)

. _ fi(=d+nf,)
" n(f,+f,)-d

. __fi(d—nf,)
“d-n(f,+f,)

And this is our front focal length.

~ f,(d-nf,)
"d-n(f,+f,)

Let’'s see what happens for a thin lens. As d—>0 ,

_ fl(d_an) N fl(o_an) _ nflfz _ 1E1f2
f d-n(f,+f,) O0-n(f,+f,) n(f,+f) (f,+f1) and

L _ gy 1 1
I (n o ) D D |, the same result as for the back focal length.
fi R R

For a thin lens, there is only one focal length

1 1 1 1 1
AU
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F4. Gullstrand’s Equation.

Our earlier figure is reproduced below.

s, (to object) «—— ——  » s, (fo image)

Here are all our basic formulas reproduced.

1. 1.1 ., __s
s, S f S,
1 n 1 n 1 1
= - — =
S01 Sil fl 02 i2 f2
Ml__ Si1 MZ__nSiZ
r]Sol Soz
S. = r]flsol _ f2802
il f i2 f
Sol 1 S02 n 2
S ns. S.. S S.
M:MlMZZ I ! _ 12 [ _ "Il "i2 M:__|
must match
nsol S02 S01 S02 So
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1 n

1
To find the effective focal length take Sy —>© in & T . = T _Then S;; — nf,.
Se1 Sia 1

S,, =d —s, >d—nf,

f2502

Sp =T
S,, — Nf,

From

o __ TSy _ f(d-nf) _ f,(d-nf)
i2 S,, —nf, (d—-nf)—nf, d-n(f+f,)

To keep our bearing, we summarize the parameters. For large S,, Sy =S, .

Sy =S s,=nf, s,=d-nf, s =f

o M_is’i_z__il | MM s _ f
en o o eads to o o giving
So; So2 S, s, d—nf, S,

S. f(d—nf
d —nf; nf, =

f,(d —nf)) _ f(d—nf)

We need our former formula ~i2 d —n( f1+ fz) and use it with ~i2 nf

1

f(d—nf)  f(d-nf)
d—n(f,+f,) nf,

f,(d —nf)nf,
d—n(f,+f,)

——f(d—nf)

The (d —nf,) factors cancel.
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f,nf,

d—n(f,+f,)
—_ nfl f2
d—n(f,+f,)
_ nfl f2
n(f,+ f,)—d

1 n(f+f,)-d
f nf, 1,

1 n(f+f) d
f nf, f, nf, f,

1 1 1 d

f f f, nff,
This formula is Gullstrand’s Equation.

Note that in the limit of a thin lens, d — O and we recover the expected result from before.

1 1 1

ff f,

F5. Lensmaker’s Formula for the Thick Lens.

R
_ 1 _ 2
We now remember that we derived fl - n—1 and 1:2 - n—1 which we can write as
1 n-1 1 n-1
< &~ and £ T o~
f1 R1 fz 2
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1 1 1 d

Then Gullstrand’s equation f f1 f2 nfl f2 becomes

1_n-1 n-1 dfn-t]f n-t
f R R n[R ] R
i_n—l_n—lJrg n-1{n-1
f R R n[R R
i_1+(n—1)d}

R R, NRR,

Lensmaker’s formula for thick lens!

1 (n—1){

f:

With d—>0 we recover the Lensmaker’s formula for a thin lens.

The Lensmaker Shows Up Again
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